Abstract -A typical complex system should be described by a supernetwork or a network of networks, in which the networks are coupled to some other networks. As the first step to understanding the complex systems on such more systematic level, scientists studied interdependent multilayer networks. In this letter, we introduce a new kind of interdependent multilayer networks, i.e., interconnecting networks, for which the component networks are coupled each other by sharing some common nodes. Based on the empirical investigations, we revealed a common feature of such interconnecting networks, namely, the networks with smaller averaged topological differences of the interconnecting nodes tend to share more nodes. A very simple node sharing mechanism is proposed to analytically explain the observed feature of the interconnecting networks.
2 in which two network layers are used to represent the physical infrastructure and the traffic flows, respectively. With such layered idea, the underlying reason of the failure in estimating the real load of traffic network by the commonly used load estimator has been revealed. In this work, we introduce a new kind of multilayer networks, i.e., interconnecting networks.
Different from the previously studied multilayer networks, in the interconnecting networks, the network layers are coupled together by sharing some nodes. The common nodes shared by the component networks are referred to as interconnecting nodes. It is common to observe such interconnection of network layers in real world complex systems. Without losing generality, for simplicity we will focus on the bilayer networks, which contain two network layers. For examples, some herbs (Chinese traditional medicines) may be simultaneously used as foods. Therefore, the network of Chinese herb prescription and the network of Chinese cooked dishes form one bilayer network (HP-CD bilayer) [9, 10] . Some cities may have coach stations and railway stations. We can say that these cites (as the nodes) are shared by both the coach-traffic network and the train-traffic network, and the two traffic networks form one bilayer network (coach-train bilayer). Apparently, the interconnecting nodes may play very different roles in the two component networks. It is intuitionistic that the interconnecting networks with the interconnecting nodes playing more different roles in the component networks tend to have fewer interconnecting nodes and larger averaged topological differences of the interconnecting nodes in these component networks.
This may be the most important general feature of such interconnecting networks. For example, the component networks in the coach-train bilayer (i.e., coach-traffic network and train-traffic network) are more similar than that in the HP-CD bilayer (i.e., network of Chinese herb prescription and the network of Chinese cooked dishes). Apparently, there are more interconnecting nodes in the coach-train bilayer than in the HP-CD bilayer. Similarly, it is rare that an important food (e.g., rice) is also an important herb, but it is quite common that a city having an important coach station can also have an important railway station. We will propose a very simple model to deduce the quantitative expression of this intuitionistic idea. Then the analytic results based on the proposed model will be compared with some empirical observations. Since the interconnecting networks are very general, the results of this study will be valuable for understanding the general properties of complex systems.
Data collection and empirical investigations.-We collected eight bilayer networks (including sixteen single-networks) which are listed in Table 1 . These bilayer networks cover wide categories, including food, biology, medicine, movie, and transportation. The details of data collection and network construction were presented in Ref. [11] .
For quantitative discussions, we denote the nodes of the two layers by V 1 ={i 1 ,i 2 ,⋅⋅⋅,i M1 } and V 2 ={j 1 ,j 2 ,⋅⋅⋅,j M2 }, respectively, and the two layers are referred to as upper layer and lower layer. By definition, we have 1 2 V V ϕ ∩ ≠ . The node degree and 3 the betweenness are used to describe the topology properties of the nodes. The node degree is defined as the number of edges connecting to the node, and the betweenness is defined as the number of the shortest paths passing through the node. For each interconnecting node, the topological difference is given by
where x i and x j represent the node degree or betweenness of an interconnecting node in the upper layer and lower layer, respectively. i and j represent the indices of the same node in the respective layers. <x i > and <x j > denotes the averaged node degree (x=k) or betweenness (x=b) in all the nodes of the upper layer and lower layer, respectively. Accordingly, the averaged topological difference of the interconnecting nodes is given by
where m is the number of the interconnecting nodes. The normalized number of the interconnecting nodes is given by
where M i and M j are the total numbers of the nodes in the upper layer and lower layer, respectively.
For each of the eight bilayer networks, we empirically investigated the distributions of the node degree and betweenness.
The details of the calculations are available in Ref. [11] . The results show that all the distributions can be fitted by the shifted power law (SPL) function, ( ) (
, which interpolates between a power law function and an exponential function [10, 12] . If α=0, the shifted power law is reduced to a standard power law function. When α→∞, the shifted power law is reduced to an exponential function. Therefore, the two parameters, α and γ, can be used to fully characterize the distributions of the node degree and the betweenness for each layer of the bilayer networks. We sort the real world bilayer networks by the ascend order of the n, i.e. n 1 ≤n 2 ≤⋅⋅⋅ n l ≤⋅⋅⋅≤n 8 . The fitted parameters of the distributions, the U x values, as well as the normalized number of the interconnecting nodes for all the eight bilayer networks are listed in Table 1 [11]. From Table 1 , we can see that with the increasing of n, the averaged topological difference U x (i.e., U k and U b , for node degree and betweenness, respectively.) of the interconnecting nodes basically show monotonic decreasing. This qualitative observation indicates that the networks with smaller averaged topological differences of the interconnecting nodes tend to share more nodes. This is in qualitative agreement with the intuitionistic argument presented in the last section. In Fig. 1 , the empirical correlation between the n and U x (triangle: U k ; cross: U b ) for all the eight bilayer networks are plotted. The analytic results are also given (solid lines), which will be explained in the next section. Such strong correlation between the n and U x may suggest some common features of the interconnecting nodes of each bilayer network.
Model analysis and comparisons with empirical observations.-We have tried several models for deducing the quantitative expressions of the empirical correlation between the n and U x discussed in the last section. The results based on these models show very small differences (data not shown), suggesting that the general correlation between the n and U x confers a strong tolerance to model details. In this situation, we prefer a model which presents the simplest explicit expression of the role differences of the interconnecting nodes among the component networks and the simplest mechanism for selecting n and U x when the role difference of the interconnecting nodes varies.
In the model, we adopt the following assumptions. Firstly, the upper and lower layers have exactly the same node numbers (M i =M j =M) and the same distributions of node degree and betweenness, therefore, <x i >=<x j >=<x>. Secondly, the x values of all the interconnecting nodes in the upper layer is larger than that in the lower layer, therefore, u x =(x i -x j )/<x>. Thirdly, the principle, by which the node j in the lower layer selects and merges to the node i in the upper layer so as to form an interconnecting node, is given by x i =ξ(l)x j where ξ(l) is a constant depending on the index l of the bilayer systems. This model can be understood from the schematic graph shown in Fig. 2 where the nodes in the upper and lower layers are represented by solid circles and labeled in ascend order of x values. For demonstration, the value of the ξ(l) is chosen as 2 in Fig.2 . The lines connecting the nodes from both layers represent that the two nodes are one interconnecting node. It is easy to image that with a larger coefficient ξ(l), the slope of the line decreases more quickly with the increasing of the x. Consequently, fewer nodes can be shared by the two layers, and simultaneously, the averaged topological differences of the interconnecting nodes are larger, which is consistent with the observed correlation between the n and U x , namely, the networks with larger averaged topological differences of the interconnecting nodes tend to share more nodes. Apparently, ξ(l) is the simplest explicit expression of the role difference of the interconnecting nodes among the component networks and the model expresses the simplest mechanism for selecting n and U x when the role difference of the interconnecting nodes varies. We will show that the empirically observed relation between the n and U x can be derived analytically based on the above model.
According to the definition of the distributions of node degree or betweenness, the total number of the interconnecting nodes can be calculated by
where x min and x max are the minimal and maximal values of the node degree or betweenness, respectively. Substitute Eq.3 into Eq.4, we can get the normalized number of the interconnecting nodes by max max min min
where 
Considering that <x> can be calculated by 
with D=(A+α)
, we get
Combining (5) and (8), one can obtain the quantitative relationship between the n and U x , which can then be compared with the empirical results.
In Fig. 1 , the upper solid line is the analytical result (by (5) and (8)) with the parameters α=0.001, γ=0.87, x min =1, and x max =500. The lower line is the results with the parameters α=10, γ=100, x min =1, and x max =5000. The values of the parameters α and γ in the upper line and lower line correspond to the minimal values and maximal values observed empirically. The value of the x max does not affect the results when it is large enough. One can see that, even with such a simple model, the analytic conclusion show rather good agreement with the empirical results, suggesting that the above model captures the essential features of the interconnecting bilayer networks. Meanwhile, these results also suggest that the correlation between the n and the U x is the common property of the discussed interconnecting networks, namely, the networks with larger averaged topological differences of the interconnecting nodes tend to share more nodes.
Summary and discussions.-In summary, we introduced a new kind of multilayer networks, i.e., interconnecting networks, in which the component network layers share some common nodes. We emphasize that such interconnecting networks are conceptually different from the multilayer networks discussed in literatures [1, 2, 7, 8] . What discussed in these previous works are some kinds of functional interdependences between the network layers, while the current study discusses the merging of a part of the nodes, which can be considered as a special interdependence but is very ubiquitous. Based on the empirical investigations of eight bilayer networks, we revealed, by a very simple model, a common feature of such layered networks, namely, the networks with larger averaged topological differences of the interconnecting nodes tend to share more nodes. This conclusion can be readily extended to general multilayer networks although we discussed only bilayer networks in this work.
In addition, although the feature revealed in this work is about the relationship of two topological properties, n and U x , the model clearly shows that, in a statistical sense, the topological properties depend on network functions. It is the role difference of the interconnecting nodes that determines both the n and U x . In the current work, we used the node degree and betweenness to represent the topological properties of the interconnecting nodes. We also tried the averaged nearest-neighbor degree and the node strength. The empirical results of the n-U x relationships are also in reasonable agreement with the analytic results (data not shown).
Concerning the kernel assumption of the model, some questions may arise. For example, some people may think that the assumption of x i =ξ(l)x j in the last section is too simple to be accepted. Can we provide some, even indirect, empirical supports to this assumption?
A direct empirical verification on the relation x i =ξ(l)x j is difficult due to the large fluctuations as we have already tried. Here we provide an indirect empirical verification to the above model assumption. As an averaged consideration that may depress the fluctuations, we compared the u x and the x a =(x i +x j )/2 for all the interconnecting nodes of each bilayer network, which describe the topological difference of the interconnecting nodes and the average of the topological properties of each node in the two layers, respectively. Fig. 3 shows the results for one representative bilayer network, i.e., YPI-YM bilayer [11] . This bilayer is composed of two network layers: protein interaction network in yeast (YPI) (upper layer) [13, 14] and metabolic network in yeast (YM) (lower layer) [15] . In the upper layer, nodes are defined as proteins and links are defined as physical interactions between proteins. In the lower layer, nodes are defined as enzymes (a kind of proteins) and links are defined as common biochemical compounds shared by two enzymatic reactions. The interconnecting nodes are defined as the proteins shared by both protein interaction network layer and metabolic network layer. The results for all the other bilayer networks were given in Ref. [11] . Empirically, we find that all the u x -x a data can be fitted by the power law function with the scaling exponents around 1.0 as shown by the two columns in the most right of Table 1 
